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Noncomutativity in near horizon symmetries in gravity
Bibhas Ranjan Majhi∗
Department of Physics, Indian Institute of Technology Guwahati,
Guwahati 781039, Assam, India
(Dated: September 19, 2018)
We have a new observation that near horizon symmetry generators, corresponding to diffeomor-
phisms which leave the horizon structure invariant, satisfy noncommutative Heisenberg algebra.
The results are valid for any null surfaces (which has Rindler structure in the near null surface
limit) and in any spacetime dimensions. Using Sugawara construction technique the central charge
is identified. It is shown that the horizon entropy is consistent with the standard form of Cardy
formula. Therefore we feel that the noncommutative algebra might leads to quantum mechanics of
horizon and also can probe into the microscopic description of entropy.
PACS numbers: 04.70.Bw, 04.70.Dy, 11.25.Hf
I. INTRODUCTION
Semiclassical treatment of gravity leads to the fact that
black holes behave like a ordinary thermodynamical ob-
jects [1, 2] – the horizon attributes entropy which, in
general relativity (GR), is equal to one quarter to the
horizon area. Although it was originally thought that
only black holes are the candidates which incorporates
temperature and entropy, later it was found that any null
surface (not necessarily the solution of Einstein’s equa-
tions) has similar properties [3]. This observation is the
main basis for the thought of the gravity as an emergent
phenomenon [4]. The idea is locally there is a Rindler ob-
server (the uniformly accelerated frame on the Minkowski
spacetime) which attributes temperature and entropy on
the Rindler horizon. So the accelerated observer plays
the same role of the static observer in a black hole space-
time. Therefore, it is usually thought that such an uni-
versality of thermodynamical behaviour of null surfaces,
among which Rindler one is most simpler, can give some
hints of quantum nature of gravity.
The microscopic description of entropy can be put for-
warded by using asymptotic symmetries of spacetime and
Cardy formula [5] in sense that in the original (1+ 1) di-
mensional conformal field theory (CFT) this has been
obtain by the microstates counting. The concept for
black holes was first introduced in [6] which was later
on, extended by Carlip [7] to any Killing horizon by us-
ing near horizon symmetries. The underlying idea of this
method is to identify the relevant diffeomorphisms which
preserve certain symmetries and using them calculate the
Fourier modes of the Noether charge and the bracket
among them. This leads to Virasoro algebra with central
extension. Finding the central charge one calculates the
entropy with the use of Cardy formula.
Recently, it has been noticed that the symmetry pre-
serving conditions only for the horizon (not the angu-
lar part of the metric) is sufficient to obtain such result
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[8]. Roughly speaking the relevant diffeomorphims pre-
serves the near horizon structure and hence we have a
reduced theory which contains a subset of all the gener-
ators. In a more physical sense, among all the degrees of
freedom some of them, which were originally gauge de-
grees of freedom, raised to true degrees of freedom due
to the particular choice of symmetry and lead to horizon
entropy.
In this paper we adopt that same boundary condition
and define two different Noether charges corresponding
to two components of diffeomorphism vector. It is found
that the bracket among them for GR is trivial; i.e. there
is no central extension. But a linear combination of them;
i.e. changing the basis, we find much more enriched struc-
ture – the new modes of charges obey noncommutative
Heisenberg algebra. This is quite surprising and may en-
lighten the microstates responsible for entropy. Also fol-
lowing the Sugawara construction [9], the central charge
is identified. Using this the Cardy formula, consistent
with the horizon entropy, is derived. This is done by
relating the zero mode of Noether charge to entropy.
Let us now discuss more about our results. We show
that there are three sets of possibilities in the values of the
brackets among the new set of Fourier modes of charges.
In all cases the “Hamiltonian” and “timelike” variable
commute with all canonical pairs and also these canon-
ical pairs obey usual Heisenberg algebra among them.
But the two sets of canonical variables are either both
or any one of them are noncommutative . Such a simi-
lar algebra was first observed in String theory [10] where
spacetime was itself noncommutative. Here we find that
in the context of gravity – the near horizon symmetries,
conserving the horizon structure, can lead to similar al-
gebra. This is completely new and quite unexpected.
Very recently in three dimensional case the usual
Heisenberg algebra (not noncommutative one) has been
obtained [11, 12]. In this analysis the boundary condi-
tion is completely different from us as it has been imposed
on the time and angular sector of the metric. Here we
are not doing the same. Our boundary condition does
not deal with angular parts; more precisely, as it will be
cleared later, we impose this on the retarded time and
2radial sector. Moreover, the earlier one is restricted to
(1 + 2) dimensions while the present one is much more
general as it is applicable to any dimensions. In addi-
tion the analysis is done on a Rindler metric which is a
null surface, observed from a local frame and the Noether
charge we use is off-shell one i.e. derived without using
Einstein’s equations (See [13] for details). Therefore the
results are applicable beyond the black hole solutions.
The significance of the results, we think, is very im-
portant. First of all, it tells that the imposed boundary
condition raises some of the gauge degrees of freedom
to true degrees of freedom which contribute to entropy.
Moreover, the new observation – noncommutativity in
generators – can lead us to think the horizon in a quan-
tum mechanical way. We shall discuss this again at the
end. Lets now go into the calculation part.
II. SETUP: NEAR HORIZON SYMMETRY AND
CHARGES
As we said that locally one always find a null surface
and a most simplest one can be represented by Rindler
metric. For simplicity and clarity, here the calculation
will be done based on this line element. The same for a
general null metric will be given elsewhere. The D space-
time dimensional Rindler metric in retarded (outgoing)
Eddington-Finkelstein coordinates is given by
ds2 = −2axdu2 − 2dudx+ dx2⊥ . (1)
In the above a is the acceleration of the Rindler ob-
server and x⊥ are the (D − 2) transverse coordinates.
The Killing horizon is located at x = 0. Imposition of
the conditions £ξgxx = 0 = £ξgxu, where £ξ is the Lie
derivative along the vector ξa, we find the components of
the vector as [8]
ξu = F (u, x⊥); ξ
x = −x∂uF (u, x⊥) , (2)
where F is an arbitrary function, independent of x. For
the above components, it is easy to check that £ξguu ∼
O(x) which vanishes near the horizon. This implies that
the obtained diffeomorphism vector (2) is Killing vector
in the near horizon region only for the (u − x) sector;
not for the whole metric. Moreover, it does not change
the horizon structure; i.e. the location of it does not
change. Hence we call them as horizon structure invari-
ant boundary conditions. It must be pointed out that the
same diffeomorphims, given in (2), play important role
in various aspects of gravity. The entropy of horizon was
calculated in the context of Virasoro algebra and Cardy
formula by using the Noether charge corresponding to
York-Gibbons-Hawking surface term (See also [14] for a
general null surface). Also they have significant impor-
tance in hydrodynamics in gravity [15] and in membrane
paradigm and horizon BMS symmetry [16]. Here in this
paper we explore more about them.
The Noether charge, calculated on the horizon, is de-
fined as
Q[ξ] =
1
2
∫
H
dΣabJ
ab[ξ] , (3)
where dΣab = d
D−2x⊥
√
σ(lakb − lbka) and Jab[ξ] =
(1/16piG)(∇aξb − ∇bξa) for GR. H stands for horizon.
Here la is null vector near the horizon while ka is an-
other null vector which satisfies laka = −1. The bracket
among the charges is given in [17]:
[Q1, Q2] = £ξ1Q[ξ2]−£ξ2Q[ξ1]
=
∫
H
dΣab
(
ξa2J
b[ξ1]− ξa1Jb[ξ2]
)
, (4)
where the Noether current is Ja[ξ] = ∇bJab[ξ].
Before going to the main purpose, let us discuss about
the other existing charges in literature. It is interesting to
note that our bracket (4) exactly matches with Carlip’s
result (First paper of [7]) for General relativity (GR).
Whereas this differs from Silva’s value [18] by a factor
which is proportional to ∇a(ξc1∇cξb2 − ξc2∇cξb1)− (a↔ b)
upto some total derivative term. A detailed discussion
can be followed from the Appendix A of [18]. As it has
been explained there by examples that this extra term
does change the value of the zero mode of the charge but
not the value of central charge. On the other hand, there
is another charge by Barnich and Brandt [19] which has
been recently used in [20] to study the extended symme-
tries at the black hole horizon. It can be noted that such
expression differs from the Silva’s one by a factor which is
proportional to (∇cξb1 +∇bξc1)(∇aξ2c +∇cξa2 )− (a↔ b).
This can be checked by comparing the Eq. (8) of [18]
and Eq. (6.25) of [19]. Therefore the present one (4)
differs by the above two terms from [19]. Of course it
would be interesting to calculate these for the vectors
(2), discussed here. But for the present purpose we shall
concentrate on (4).
For the metric (1), we choose la = (1, 0,0) (this is
the Killing vector as the metric is independent of u)
while ka can be taken to be the normal to the u =
constant surface. Therefore, the components of ka are
(0, 1,0). Consequently, the covariant components are
la = (−2ax,−1,0) and ka = (−1, 0,0). Now notice that
the diffeomorphism vector ξa has two components. Here
our aim is to calculate the charges and the brackets corre-
sponding to two different components. For that we define
two vectors: one of which has only x component, given by
ξx; while other one has only u component, given by ξu.
Therefore let us denote the charges (3) and the brackets
(4) for respective vectors, as
Q± ≡ Q[ξ±] = 1
2
∫
H
dΣabJ
ab[ξ±] , (5)
and
[Q±1 , Q
±
2 ] =
∫
H
dΣab
(
ξa2J
b[ξ±1 ]− ξa1Jb[ξ±2 ]
)
, (6)
[Q+1 , Q
−
2 ] =
∫
H
dΣab
(
ξa2J
b[ξ+1 ]− ξa1Jb[ξ−2 ]
)
, (7)
3where ξ+ = (0, ξx,0), ξ− = (ξu, 0,0) and ξa = ξ+ +
ξ− = (ξu, ξx,0). For the present metric, after a laborious
calculations one obtains:
Q+ = − 1
16piG
∫
H
dD−2x⊥∂uF ;
Q− = − 1
16piG
∫
H
dD−2x⊥(∂uF − 2aF ) ; (8)
[Q+
1
, Q+
2
] =
1
16piG
∫
H
dD−2x⊥[F2∂
2
uF1 − (1↔ 2)] ;
[Q−1 , Q
−
2 ] =
1
16piG
∫
H
dD−2x⊥[(F2∂
2
uF1 − 2aF2∂uF1)
−(1↔ 2)] ;
[Q+
1
, Q−
2
] =
1
16piG
∫
H
dD−2x⊥[F2∂
2
uF1 − F1∂2uF2
+2aF1∂uF2] . (9)
Next we shall calculate the Fourier modes of the above
quantities and provide the main results of this letter.
III. RESULTS
Take the Fourier modes of F as Fm =
(1/a) exp[im(au + p.x⊥)] where m and p include
all positive or negative integers. Here both in pref-
actor and exponential the parameter is chosen to be
acceleration a as the retarded time has periodicity 0
to 2pi/a so that Fm becomes a periodic function of u
and to ensure that the diffemorphism vector satisfies
i{ξm, ξn}a = (m−n)ξam+n. The same has been pointed in
earlier works [7, 18]. This is found to be consistent with
the black hole thermodynamics from gravitational action
[21]. The similar compactification on u was also used
recently [22] in the context of Virasoro algebra and black
holes in three spacetime dimensions. The idea for the
above choice can also be elaborated the following way.
First of all Fm is function of both u and x⊥ and also it
is that Fourier modes of function F . Therefore Fm must
satisfies the two equations ∂2Fm/∂u
2+a2m2Fm = 0 and
∂2Fm/∂x
2
⊥
+ (pm)2Fm = 0 so that it should be at least
linear combination of sin and cos functions and in that
case it is also periodic. This is precisely the choice of the
paper which satisfies these equations and the periodicity
is coming automatically as Fm is the Fourier modes.
The more deeper reason can be the following. There
is a planer symmetry in the perpendicular direction
and hence in this direction one can argue for plain
wave expansion. On the other hand, since there is an
equilibrium horizon one can has periodicity in time with
the Euclidean sector in mind.
Then from (8) and (9) one can easily find the corre-
sponding Fourier modes:
Q+m = 0; Q
−
m =
A
8piG
δm,0 ; (10)
[Q+m, Q
+
n ] = 0; [Q
−
m, Q
−
n ] = −im
A
4piG
δm+n,0;
[Q+m, Q
−
n ] = −im
A
8piG
δm+n,0 , (11)
where A is the transverse area of the horizon. Note that
the positive modes of the charge; i.e. for ξ+, always
vanish. Therefore we define the entropy of the horizon as
S = 2piQ−0 =
A
4G
; (12)
i.e. only the ξ− contributes. Having obtained the above
results, we are now in a position to show the existence
of non-triviality within them which was claimed in the
introduction.
Define new modes of charges as different combinations
of the above charges; i.e. express the near horizon sym-
metry generators in new basis. Consider the following
combinations:
P0 = Q
+
0 +Q
−
0 ; Pm = AQ+−m + BQ−−m (for m 6= 0) ;
Xm = CQ+m +DQ−m , (13)
where the coefficients A,B and C,D are all non-zero. Be-
low we present three interesting choices of these coeffi-
cients, compatible in every respect.
Case I: For the choice A = −1/(mC0) ±
(1/C0)
√
1 + 1/m2 − (1/m ±
√
1/m2 + 1), B = 1/m ±√
1/m2 + 1, C = −(1 + 1/C0) and D = 1 where C0 =
A/4piG, the non-zero brackets are
[Xm, Xn] =
i
2
(m− n)δm+n,0 = [Pm, Pn] ;
[Xm, Pn] = iδm,n . (14)
Case II: Choose A = −2/m, B = 2/m, C = −(1+1/C0)
and D = 1. Then the nontrivial ones are
[Xm, Xn] =
i
2
(m− n)δm+n,0; [Pm, Pn] = 0 ;
[Xm, Pn] = iδm,n . (15)
Case III: If we have the following choice of coefficients:
A = 2/(C0m) −m/2, B = m/2, C = −D = 1, then one
obtains
[Xm, Xn] = 0; [Pm, Pn] =
i
2
(m− n)δm+n,0 ;
[Xm, Pn] = iδm,n , (16)
while the others vanish. Note that in all cases we find
different notions of non-commutative Heisenberg algebra.
These are the main results of the paper. Of course, the
present ones are not exactly similar to the earlier ob-
tained non-commutative algebra [10] in the context of
4String theory. Here the non-commutativity exists only
for m = −n while the other one shows such structure for
all m,n with m 6= n. Hence we call the present result
as “restricted” non-commutative algebra. Moreover, in
the original non-commutative algebra (known as Snyder
algebra) is between the space coordinates. Here we can
not say that our new variables (Xm or Pm) are exactly
those. Actually we do not know the meaning of these at
this stage. So the whole similarity is just structure wise;
not in one to one sense. Therefore at this position we can
say in gravity case we have some variables which behaves
similar to Snyder variables at the algebra level; not at
the physical level.
Having obtained the above interesting algebra, now
our aim is to observe the entropy (12) in the microstate
counting manner. Following Sugawara construction [9],
we define new generators as
L±m =
1
2C0
∑
p
Q±m−pQ
±
p + imQ
±
m . (17)
Then it is easy to verify that L−m satisfies the Virasoro
algebra:
i[L−m, L
−
n ] = (m− n)L−m+n +m3C0δm+n,0 , (18)
with the central chargeC = 12C0. Also from (17) one can
identify that Q−0 =
√
2C0L
−
0 =
√
(CL−0 )/6. Therefore,
the entropy (12) can be expressed in the form of Cardy
formula [5]:
S = 2pi
√
CL−
0
6
. (19)
Also note that P0 can be related to the “surface” Hamil-
tonian of the system. The idea comes from a very well
known result exists in literature [23]. The surface part of
the gravitational action, calculated on the horizon, yields
Asur = −tTS where t is the timelike coordinate and T =
a/(2pi) is the temperature. Then the semi-classical sur-
face Hamiltonian is given by Hsur = −∂Asur/∂t = TS.
Now since here Q+0 = 0 and Q
−
0 = A/(8piG), we define
our surface Hamiltonian as Hsur = aP0. Hence we can
say, following the algebra given in Eqs. (14), (15) and
(16), that Hsur commutes with all canonical conjugate
variables Xm and Pm. Then by the arguments of [11],
we can say that horizon must carry “soft hair” [24] which,
for the present case is soft noncommutative Heisenberg
hair, and also it does not contribute to the entropy.
IV. SUMMARY AND OUTLOOK
In this letter, we took the Rindler metric as a null
one, seen by a local observer, whose horizon is the null
surface. Imposing the simple condition that the horizon
structure remains invariant the relevant class of diffeo-
morphims have been identified. Then we showed that in a
certain basis the modes of the corresponding charges sat-
isfy “restricted” non-commutative algebra. In this sense
the near horizon structure is much more richer that what
we usually expect. The observation is completely new
and very interesting as the non-commutativity can lead
to quantum structure of horizon.
We used the word “surprisingly” as no body has looked
at the charges for two components of diffeomorphisms
and hence such features were unexplored. Also there is
no obvious way, without calculating, to tell that there
is some non-triviality. Earlier people usually calculated
them for the “total” vector, consists of two or more com-
ponents and it is not at all indicative that such analysis
can lead to non-commutativity. Here we took the compo-
nents as two different vectors and calculated brackets for
them (Eqs. (10), (11)). This is new as no body has looked
in this manner and it revels a new feature: there is a non-
commutativity which is more vivid in the new basis. The
similar has been done recently in [11, 12] but that is too
restrictive as it is confined within the three dimensions
and the algebra is usual Heisenberg one. Whereas, this
one is valid in any dimensions and algebra is different for
the earlier analysis. Therefore, although (14), (15) and
(16) may be obvious from the results (10) and (11), but
later ones are not.
It must be pointed out that the present diffeomorphism
algebra in (D−1) coordinates u, x⊥, is much larger than a
Witt-algebra (usually the Witt-algebra is the one dimen-
sional diffeomorphism algebra, whereas F is a function
of D − 1 coordinates and so it should form a D − 1-
dimensional diffeomorphism algebra). Still the present
results reduces to similar to one dimensional. The reason
is as follows. In the usual (1 + 1) dimensional conformal
field theory the charges are defined as the integration over
one coordinate with the integrand is relevant component
of energy-momentum tensor. Therefore it reduces to one
dimensional structure. Whereas, for black hole metric
the charge is defined by the integration of Jab over the
all transverse coordinates. So it is evident that all the
transverse coordinates are integrated out and so we are
left with only two coordinates: one timelike and another
one is spacelike (Here these are u and x, respectively).
Moreover our calculation is near the horizon where the
theory is effectively two dimensional with the effective
metric is given by the (u − x) sector and also the func-
tion F is a function of u, x⊥ one of which is integrated
out. Now it is well known that such a theory is conformal
one and hence we are getting one dimensional result even
if our original theory is D dimensonal.
Let us now explain why it is being demanded that
the non-commutativity can lead to quantum nature of
the horizon. One well known fact about the usual non-
commutativity in space-space or momentum-momentum
is they lead to quantisation of space or phase-space. This
is because, [xa, xb] = iΘab leads to a quantity, a linear
combination of the square of these variables, which is
quantised. In the present analysis we are also getting sim-
ilar non-commutative variables and in the same manner
5these may lead to quantum structure of horizon. Here we
are not demanding the quantization of any specific hori-
zon quantity; rather a hope arises that this might give
some clue towards it. We agree that it is not sure at this
stage which one is quantized as the meaning of the non-
commutative variables are not clear at all. But people
are looking at these possibilities (See for Refs. [11, 12])
along the similar line and hence it is worth to investigate
some of these issues more closely. The present paper is
exactly in this direction.
Moreover we showed that zero mode of the charge is
related to horizon entropy which can be expressed in the
form of Cardy formula. The implication of it is these
horizon structure invariant diffemorphisms corresponds
to some microstates, which are yet to identify, lead to the
entropy of the null surface. Additionally, it may be worth
to mention that the imposed conditions on the metric co-
efficients raises some of the gauge degrees of freedom to
true ones which contribute to the entropy. Although,
we are still not a place to pin point “the” states; never-
theless, we feel such an analysis can illuminate towards
the microstates counting as it was already discussed that
the entropy, with the help of the present charges, can be
expressed in the form of the Cardy formula.
It would be interesting to understand the meaning of
two copies of charges (Q+ and Q−) corresponding to re-
spective components of a diffeomorphism vector which
keeps the horizon structure invariant. In this context let
us point out that for ξ+ and ξ− the changes in the met-
ric coefficients are as follows: δg+uu ∼ O(x), δg+ux = ∂uF
and δg+xx = 0 while δg
−
uu ∼ O(x), δg−ux = −∂uF and
δg−xx = 0, respectively. This shows that for individual
components at least the location of the horizon does not
change. The situation is much more interesting in null
coordinates (u, v) with dv = du + dx/ax. In this coor-
dinates, the changes in metric coefficients are: δg+uu ∼
O(x), δg+uv ∼ O(x) and δg+vv = 0 while δg−uu ∼ O(x),
δg−uv ∼ O(x) and δg−vv = 0. This implies that metric
remains “invariant” very near to the horizon for ξ+ or
ξ− alone. Moreover, the components of the vectors are
ξ+ = (0,−(1/2a)F,0) and ξ− = (F, F,0); i.e. one is
along v-direction while the other one is the resultant of
both u and v components. What we found here is the al-
gebra between the charges due to diffeomorphisms along
these two directions, which is surprisingly noncommuta-
tive in nature. But the complete physical meaning is still
not known and also what are the consequences of it is
beyond the scope of the paper. Nevertheless, the results
are quite interesting and may play a very significant role
in exploring the quantum nature of horizon.
An interesting point can also be noted from the above
discussion. Here we found the diffeomorphism vectors (2)
by using a particular type of “fall-off” condition in the
Eddington-Finkelstein coordinates. But when the com-
ponents of them are treated as separate vectors (ξ+ and
ξ−), then they individually do not preserve the asymp-
totic boundary condition in this gauge. Therefore a nat-
ural question comes into the picture: Are the charges
Q± (see Eq. (8)) correspond to any well-defined asymp-
totic symmetry? From the above discussion one can ar-
gue that the answer is “Yes”. The reason is as follows.
We already mentioned that our asymptotic condition is
the invariance of horizon structure. The meaning of it
is the dffeomorphism vectors should change the metric
such that the (u − x) sector of the metric remains un-
changed on the horizon. Therefore the relevant metric
coefficients can change by minimum of order x and hence
the diffeomorphisms are Killing vectors on the horizon.
As a result the location of the horizon does not change.
This was our original motivation for choosing the to-
tal ξa in Eddington-Finkelstein coordinates. This is a
“weaker” condition than one usually takes in a particu-
lar gauge. The above analysis shows that interestingly
the vectors ξ± preserves this asymptotic boundary con-
dition in “null-null” coordinates and so they are Killing
vectors on the horizon for the (u−v) sector of the metric.
Also the location of horizon remains same in null-null co-
ordinates. This can be explicitly checked by taking the
norm of ξ± is equal to zero. Since the charges are defined
as scalar quantity one obtains the same value in “null-
null” case also. Hence, in this sense, the charges obtained
here correspond to our present asymptotic symmetry in
null-null coordinates.
As a final remark, we want to mention that the results
are may be very general and goes beyond the Rindler
form as null surface. It is now in under investigation
if the similar structure also follows for a general null
metric. The analysis is not straight forward and will
be reported separately with much more details [25] since
the calculation involves some technicalities as all met-
ric coefficients depend on all coordinates. Nevertheless,
the present analysis incorporates all the stationary space-
times with a null surface as even the Kerr like form re-
duces to Rindler one in the near horizon limit. This is
OK since the whole discussion is valid near the null sur-
face. Therefore the results, obtained here, is very much
local in nature. Moreover, since these are based on the
specific choice of our boundary conditions, they are the
features of some particular class of observers who are con-
sistent with these conditions; more precisely the algebra
is observer dependent. Also it is independent of space-
time dimensions and the approach is general enough to
be extended to any theory of gravity. In summary, the
present results may show a window to search the true
quantum theory of a horizon (more generally of a null
surface), which yet to be found in a concrete sense.
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